Abstract. In this paper, a new holomorphic invariant is defined on a compact Kähler manifold with positive first Chern class and nontrivial holomorphic vector fields. This invariant generalizes the Futaki invariant. We prove that this invariant is an obstruction to the existence of Kähler-Ricci solitons. In particular, using this invariant together with the main result in [TZ1], we solve completely the uniqueness problem of Kähler-Ricci solitons. Two functionals associated to the new holomorphic invariant are also discussed. The main result here was announced in [TZ2].
Introduction
The purpose of this paper is to introduce a new holomorphic invariant and apply it to studying the uniqueness of Kähler-Ricci solitons on compact Kähler manifolds.
Let M be an n-dimensional compact complex manifold with positive first Chern class c 1 (M ) > 0. Let g = g ij dz i ⊗ dz j be a Kähler metric on M with its Kähler form Let η(M ) be the Lie algebra which consists of all holomorphic vector fields on M . Then, for any holomorphic vector field X on M , by the Hodge Theorem, there is a unique smooth complex-valued function θ X (g) of M such that
is the volume form of g. We define a linear functional from η(M ) into C by
We will first show that this functional defines a holomorphic invariant on M (cf. Proposition 1.1).
The invariant F X (·) can be defined for any holomophic vector field X on M . In particular, if X ≡ 0, the invariant is just the Futaki invariant in [F1] (The excellent reference for extensive discussions of the Futaki invariant can be found in Futaki's book [F2] ). It is well-known that there are compact Kähler manifolds M with c 1 (M ) > 0 and nonvanishing Futaki invariant, for example, CP n #CP n does have nonvanishing Futaki invariant ( [KS] ). The new holomorphic invariant F X (·) can compensate this defect somehow. For example, on each CP n #kCP n (1 ≤ k ≤ n), there exists a unique holomorphic vector field X such that the invariant F X (·) vanishes (cf. Proposition 2.2).
The invariant F X (·) is an obstruction to the existence of Kähler-Ricci solitons (cf. Proposition 3.1), just as the Futaki invariant is an obstruction to the existence of Kähler-Einstein metrics. With help of this observation, we can solve completely the uniqueness problem of Kähler-Ricci solitons. It was proved in [TZ1] that the Kähler-Ricci soliton is unique modulo a reductive subgroup of the holomorphic automorphism group for a fixed holomorphic vector field on any compact Kähler manifold.
A Kähler metric g on a compact complex manifold M is called a Kähler-Ricci soliton if there is a holomorphic vector field X on M such that the Kähler form ω g of g satisfies Ric(ω g ) − ω g = L X ω g ,
A new holomorphic invariant
In this section, we introduce a new holomorphic invariant. This contains the Futaki invariant as a special case ([F1] ). Let M be an n-dimensional compact complex manifold with positive first Chern class c 1 (M ) > 0. Let g be a Kähler metric on M with the Kähler form ω g ∈ c 1 (M ). In local coordinates, g is given by {g ij } and
Since the Ricci-form
also represents c 1 (M ), there is a smooth function h g such that
where u is any smooth complex-valued vector field on M . Note that i X ω g is ∂-closed. Since c 1 (M ) > 0, there are no nontrivial harmonic (0,1)-forms. By the Hodge Theorem, there is a unique smooth complex-valued function
Let η(M ) be the complex Lie algebra which consists of all holomorphic vector fields on M . For a given Kähler form ω g ∈ c 1 (M ), we define a linear functional from η(M ) into C as follows,
where h g is the smooth real-valued function defined by (1.1) and θ X (g) is the smooth complex-valued function defined by (1.2), respectively. This functional F X (·) can be defined for any holomophic vector field X on M . In particular, if X ≡ 0, the functional is just the Futaki invariant ( [F1] ). The following proposition shows that this functional defines a holomorphic invariant on M .
, it is independent of the choice of g with the Kähler form ω g ∈ c 1 (M ).
Proof. Let g be another Kähler metric with its Kähler form ω g ∈ c 1 (M ). Then there is a smooth real-valued function φ on M such that
for some constant c. We claim
be a family of Kähler forms on M . Then a direct computation shows
where s denote the Laplacian operators associated to Kähler forms ω gs . It follows
and consequently,
where θ X (g s ) are smooth complex-valued functions defined by (1.2) associated to metrics g s . In particular,
The claim is proved. Let h g be a smooth real-valued function defined by (1.1) associated to the metric g . Then one can check
and
Observe that
for some smooth complex-valued function ψ. Then by using (1.5) and (1.9), we have
Taking integration by parts, we get
(1.10)
On the other hand, for the fixed metric g = g s and any point x ∈ M , one can choose a local coordinate near x such that g ij = δ ij at x. Let
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and consequently, ∂p(x) = 0.
(1.11) By using the integration by parts together with (1.11), we get from (1.10),
This shows f (1) = f (2), so (1.6) is true. Proposition 1.1 is proved.
Another formation of the holomorphic invariant
In this section, we give another formulation of the holomorphic invariant defined in last section, by which we will prove that there exists a unique holomorphic vector field such that the corresponding holomorphic invariant vanishes on the reductive Lie algebra generated by holomorphic vector fields. We will keep the notations in last section. First we notice that θ X = θ X (g) defined by (1.2) satisfies (compared with (1.11)),
where denotes the Laplacian operator associated to the Kähler form ω g . Then we can renormalize θ X to beθ X by adding a constant such that
Clearly, this new normalization is equal to the condition
Lemma 2.1. 
(2.2)
Proof. Let ω gs (1 ≤ s ≤ 2) and h s (1 ≤ s ≤ 2) be a family of Kähler forms and functions defined by (1.4) and (1.7) in Section 1, respectively. Letθ X (g s ) be a family of smooth complex-valued functions defined by (2.2) associated to ω gs . Thenθ
for some constants c s (1 ≤ s ≤ 2) and satisfy (2.1) associated to Kähler forms ω gs . Let
Then by (1.7), we have
Differentiating the above on s and integrating by parts, we get
Since G(s) ≡ 0, we conclude c s ≡ const., and consequently c s ≡ 0. Hencẽ
Let Z ∈ η(M ) andθ Z be a smooth complex-valued function defined by (2.2) with respect to Z. We introduce a functional on η(M ) by
then by using integration by parts, we have
where are the Laplacian operators associated to Kähler forms
2π ∂∂(tφ). It follows from the above and Lemma 2.1 that f (Z) is independent of choices of Kähler metrics with the Kähler class c 1 (M ).
Let F X (v) be the differential of f (·) at X with respect to v ∈ η(M ). Then
This is clearly independent of choices of Kähler metrics with the Kähler class c 1 (M ), and so a holomorphic invariant. Moreover, using (2.1) for functionθ v and integration by parts, we deduce
Sinceθ X is the same as θ X modulo const., we see that
The new version F X (·) of F X (·) will give us more information. We recall some notation. Let K be a maximal compact subgroup of the identity component Aut
• (M ) of holomorphic automorphisms group Aut(M ). Then the Chevalley decomposition allows us to write Aut
where Aut r (M ) is a reductive algebraic subgroup of Aut • (M ) and the complexification of K, and R u is the unipotent radial of Aut
and κ(M ) be the Lie algebras of Aut(M ), Aut r (M ), R u and K, respectively. From the decomposition (2.6), we obtain
(2.7)
Lemma 2.2. There exists a unique holomorphic vector field
where Im(X) denotes the imaginary part of X.
This shows thatθ Z is a real-valued function, and consequently f (Z) is a convex functional on (η r (M ), R). Since F X (·) is the differential of f at X, it suffices to prove that f (Z) is proper, i.e., f (Z) diverges to infinity as Z tends to ∞.
Without loss of generality, we may assume that there is a subsequence {l k } such that |t
. . m, and |t
Letθ Z 0 be a smooth function defined by (2.2) with respect to Z 0 . Then we see thatθ Z 0 is real-valued and there is an open set U ⊂ M such thatθ Z 0 > 0 on U. It followsθ
as l k are sufficiently large, whereθ Zi , i = 1, . . . , m, are all real-valued functions defined by (2.2) with respect to Z i . Hence we get
This shows that f (Z) is proper since the sequence {Z l } is arbitrary, and consequently, it has a unique critical point X ∈ (η r (M ), R) such that F X (·) ≡ 0 on (η r (M ), R). Therefore, there is a unique holomorphic vector field X ∈ η r (M ) with
Proposition 2.1. There exists a unique holomorphic vector field X ∈ η r (M ) with
Moreover, X is either zero or an element of the center of η r (M ), and
Proof. The proof in the first part of proposition comes from Lemma 2.2 and (2.5) immediately. For the remaining part of the proposition, we consider the following two cases separately. 1). Suppose that the center of
. By the uniqueness result in the first part, we see that X must be zero, and consequently the holomorphic invariant F X (·) is just the Futaki invariant. In particular, (2.9) is true. The proposition is completed.
2). Suppose that the center η c (M ) of η r (M) is not zero. We consider the functional f (Z) restricted on η c (M ). Then as in the proof of Lemma 2.2, one can prove that there exists a unique holomorphic vector field X ∈ η c (M ) with Im(X ) ∈ κ(M ) such that the holomorphic invariant F X (·) vanishes on η c (M ). Now we claim that the invariant F X (·) satisfies (2.9).
Let v ∈ η(M ) and σ t be one parameter subgroup generated by Re(v). Then by using the fact X ∈ η c (M ), for any τ ∈ Aut r (M ), we have
where θ X is a smooth function defined by (2.2) with respect to X . Differentiating (2.10) at t = 0, and using Proposition 1.1, we get
Let u ∈ η r (M ) with Im(u) ∈ κ(M ) and τ = τ s be one parameter subgroup generated by Re(u). Then differentiating (2.11) at s = 0, we have
(2.12)
The claim is proved. From (2.12), we see that F X (·) vanishes on η r (M ). Then by the uniqueness, we conclude X = X . Hence, F X (·) also satisfies (2.9), and in particular, F X (·) is a Lie character on η r (M ).
In general, the Futaki invariant may not vanish on a compact Kähler manifold with c 1 (M ) > 0, for example, CP n #CP n is such a manifold ( [KS] ). By using Proposition 2.1, we can prove 
Proof. By Proposition 2.1, we see that there exists a unique holomorphic vector field X ∈ η r (M k ) with Im(X) ∈ κ(M k ) such that the holomorphic invariant F X (·) vanishes on η r (M k ). Thus it suffices to prove F X (v) = 0 for any v ∈ η u (M k ) by the decomposition (2.7).
Let
be three Lie subalgebras of gl(n + 1, C). Then it is easy to see
where a i = 0 are some complex-valued numbers. By (2.13) and (2.9) in Proposition 2.1, we have
The proposition is proved. 
Uniqueness of Kähler-Ricci solitons
In this section, we solve completely the uniqueness problem of Kähler-Ricci solitons by using the new holomorphic invariant introduced in Section 1. In our previous paper [TZ1] , we prove the uniqueness of Kähler-Ricci soliton for a fixed holomorphic vector field. First, we shows that the new holomorphic invariant provides an obstruction to the existence of Kähler-Ricci solitons.
Let g be a Kähler-Ricci soliton with respect to a holomorphic vector field X on M . Then by definition, the Kähler form ω g satisfies the following
where L X denotes the Lie derivative along X. 
Proof. By Proposition 1.1, it suffices to prove that F X (·) vanishes under the choice of the Kähler-Ricci soliton g. Let h g be a smooth real-valued function and θ X (g) a smooth complex-valued function defined by (1.1) and (1.2) in Section 1, respectively. Since
By the maximal principle together with (3.1), we get
Now (3.2) follows from the definition of the integral in (1.3) immediately.
From (3.1), we see that if g is a Kähler-Ricci soliton with respect to a holomorphic vector field X, then the (
where Im(X) denotes the imaginary part of X. Therefore, Im(X) generates a oneparameter family of isometries of (M, ω g ). Let K be a maximal compact subgroup of the identity component Aut 
(M). Clearly, X ∈ η r (M ) and Im(X) ∈ κ(M ), where κ(M ) is the Lie algebra of K.
In [TZ1] , we proved the following uniqueness theorem of Kähler-Ricci solitons for a fixed holomorphic vector field by solving certain complex Monge-Ampère equations.
Theorem 3.1 ([TZ1]). Let X ∈ η r (M ). Then the Kähler-Ricci soliton on M with respect to X is unique modulo Aut r (M ). Precisely, if g and g are two Kähler-Ricci solitons with respect to the holomorphic vector field X, then there exists an element σ ∈ Aut r (M ) such that
ω g = σ * ω g .
Theorem 3.2 (Uniqueness Theorem). There is at most one Kähler-Ricci soliton on M modulo Aut • (M ), more precisely, if g and g are two Kähler-Ricci solitons on M with respect to two holomorphic vector fields X and X , respectively, then there exists a holomorphic automorphism σ ∈ Aut
• (M ) such that
Proof. Let g and g be two Kähler-Ricci solitons with respect to two holomorphic vector fields X and X on M , respectively. Then both Im(X) and Im(X ) generate a one-parameter family of isometries of (M, ω g ) and (M, ω g ). Let K and K be two maximal compact subgroup of the identity component Aut • (M ) of Aut(M ) containing each one-parameter family of isometries, respectively. Since K is conjugate to K ( [Iw] ), there exists a holomorphic automorphism τ 1 ∈ Aut
• (M ) such 
(3.5)
On the other hand, by Theorem 3.1, we see that there exists a holomorphic automorphism τ 2 ∈ Aut r (M ) such that
(Y ) is contained in the center of η r (M ) by Proposition 2.1 (see also Lemma 2.2 in [TZ1] ), then by (3.5), we also have
Let σ = τ 1 τ 2 . Then the theorem is proved.
Remark on the Koiso's examples
In this section, we discuss the existence and uniqueness of Kähler-Ricci solitons on a class of compactifications of C * -bundles over compact Kähler-Einstein manifolds in terms of our new holomorphic invariant. These manifolds were first studied by E. Calabi ([Ca]) for extremal metrics in 1982 and by Koiso and Sanake for Kähler-Einstein metrics in 1986 ( [KS] ), and lately by Koiso for Kähler-Ricci solitons in 1990 ( [Ko] ). We first recall some notations, which can be found in either [KS] or [Ko] .
Let p : L → M be a holomorphic line bundle over a compact Kähler-Einstein manifold M with positive first Chern class c 1 (M ) and a Hermitian metric h on
where . h is the norm induced by h. Let t(r) be a smooth monotone increasing function with respect to r so that min t < 0 < max t. For any one-parameter family of Riemannian metrics g t on M , we consider a Riemannian metric on
whereJ is the standard almost complex structure of L.
Let H be the real vector field on
Then by a result in [KS] , one sees thatg is a Kähler metric if only if g 0 is Kähler and 
Lemma 4.1 ([KS]). Let X = H − √ −1JH. Then there exists a Kähler-Ricci soliton of the form (4.1) with respect to the holomorphic vector field aX onL if and only if
where 
Proof. By Proposition 3.1 and Lemma 4.1, it suffices to prove that (4.2) is equivalent to F aX (X) = 0.
Letg be a Kähler metric of the form (4.1) and θ X = θ X (g) a complex-valued function defined by (1.2) in Section 1 associated to the metricg. Since
we have
It follows
for some constant c. In particular, θ X is a real-valued function. Let h = hg be the smooth function defined by (1.1) in Section 1 associated tõ g. Then, by a result in [KS] , we have
where
Since θ aX = aθ X + c a for some constants c a , by using (4.5), (4.6) and (4.7), one can compute Remark 4.1. From (4.2), we see
This shows that there exists only one a 0 such that f (a 0 ) = 0. By Proposition 3.1 and Lemma 4. Let H be the hyperplane line bundle over CP n and H −1 be its dual line bundle. Then L = H −1 ⊕ I is a two-dimensional holomorphic vector bundle andL = P (L) is a CP 1 -projective bundle over CP n . Let S 0 and S ∞ be {0 − section} and {∞−section} of H −1 respectively. Then
Hence by Lemma 4.2, Remark 4.1 and Theorem 3.2, there exists a unique Kähler-Ricci soliton metric (modulo the holomorphic transformations group ) on CP n+1 #CP n+1 with respect to some holomorphic vector field induced by the fiber of P (L).
Let n 1 and n 2 be two positive integers. Let H i be the hyperplane line bundle over CP ni , i = 1, 2. Denote by p i : CP n 1 × CP n 2 → CP ni the projection to i-th factor. Let L be the holomorphic line bundle over CP n 1 × CP n 2 given by
where |k 1 | ≤ n 1 and |k 2 | ≤ n 2 are integers. PutL the total space of projective bundle
, where c is generated by the holomorphic vector field X = H − √ −1JH as before. Hence by Lemma 4.2, Remark 4.1 and Theorem 3.2, there exists a unique Kähler-Ricci soliton metric with respect to aX for some a onL modulo Aut
• (L).
Two functionals associated to the holomorphic invariant
In this section, we introduce two functionals which integrate the new holomorphic invariant defined in Section 1, then by using the arguments in the proof of uniqueness theorem in [TZ1] , we prove both functionals are bounded from below if the underlying manifold admits a Kähler-Ricci soliton.
Let g be a K-invariant Kähler metric and X be a holomorphic vector field of M . Let h g and θ X = θ X (ω g ) are two smooth real-valued functions defined by (1.1) and (1.2) in Section 1, respectively. Set
We recall the following functional on M X (ω g ) from [Zh] and [TZ1] ,
is a path connecting 0 to φ in M X (ω g ). Note that F ωg (φ) is independent of the choice of path φ t . Moreover, one can check that for any two φ and ψ in M X (ω g ), the following cocycle condition is satisfied,
Here φ t (0 ≤ t ≤ 1) is a path connecting φ to ψ in M X (ω g ) and h ω φ is a smooth real-valued function defined by (1.1) in Section 1 associated to the Kähler form ω φ . The next functional can be regarded as a generalization of Mabuchi's K-energy, which integrates the holomorphic invariant F X (·) ( [Ma] ),
where θ X (ω φt ) = θ X + X(φ t ) and R(φ t ) is the scalar curvature of ω φt and φ t (0 ≤ t ≤ 1) is a path connecting 0 to φ in M X (ω g ). One can show that µ ωg (φ) is well-defined, in fact, it can be represented by F ωg (φ).
Lemma 5.1. We have the following identity
It follows that
Proof. The argument is originally due to [DT] (see also [T2] ). We can rewrite (5.3) as follows,
Note that
Then integrating by parts, we can get
Using the fact 
Then it follows from the concavity of logarithmic function,
Inserting (5.6) into (5.5), we get
The lemma is proved.
In the following, we assume that there exists a Kähler-Ricci soliton ω KS with respect to X on M . Let σ ∈ Aut r (M ). Then σ * ω KS is still a Kähler-Ricci soliton with respect to X on M . Since there is a path in Aut r (M ) from the identity to σ, then by the definition (5.3) (the background metric ω g is replaced by ω KS ), one can show
where φ σ is defined by σ
2π ∂∂φ σ . It follows from Lemma 5.1,
The following theorem is our main result in this section. 
2π ∂∂φ is a Kähler-Ricci soliton, if and only if φ + c is a solution of (5.8) t at t = 1, where c is some constant.
Lemma 5.2. Let φ s be solutions of (5.8) s for s ≤ t ≤ 1 and
Proof. First from the proof of Lemma 3.2 in [TZ1] , we can obtain
(5.9)
On the other hand, by differentiating (5.8) t on t, we have
Inserting (5.10) into (5.9) and using (5.8) t , we get
Integrating the above inequality from 0 to t, and then dividing t on both sides, we getF 
Hence by using the cocycle condition (5.3) and (5.7), we prove
As a consequence of Theorem 5.1, we obtain the following Moser-Trudinger type inequality on a compact complex manifold with admitting a Kähler-Ricci soliton. 
is one-to-one.
Another proof of Theorem 3.2. Let g and g be two Kähler-Ricci solitons with respect to two holomorphic vector fields X and X on M , respectively. Then by a result of Iwasawa ([Iw] ), we can find a holomorphic automorphism σ ∈ Aut • (M ) such that Ad σ −1 (X ) ∈ η r (M ). Clearly, σ * ω g is a Kähler-Ricci soliton with respect to (σ −1 ) * (X ) = Ad σ − 1 (X ). Hence, by Theorem 3.1, we suffice to prove that X = (σ −1 ) * (X ).
For simplicity, we may assume that σ = Id and X, X ∈ η r (M ). In particular, Im(X ) ∈ κ(M ).
On the contrary, we assume that X = X. Let θ X = θ X (g) and θ X = θ X (g) are two smooth complex-valued functions defined by (1.2) in Section 1 with respect to X and X , respectively. Clearly, θ X is a real-valued function since L X ω g is a real-valued (1.1)-form. Since g is K-invariant by a result in Appendix in [TZ1] , L X ω g is also a real-valued (1,1)-form. Hence, θ X is also a real-valued function on M . Furthermore, by Lemma A, there areθ X = θ X + c 1 andθ X = θ X + c 2 for some constants c 1 and c 2 such thatθ 
